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Problem 1 (15 points) Evaluate
∑n

k=1 k2Hk in the closed form.

Problem 2 (15 points) Evaluate
∑n

k=1 k4 in the closed form.

Problem 3 (15 points) Let ∆1f(x) = ∆f(x) = f(x + 1) − f(x) and
∆mf(x) = ∆(∆m−1f(x)) for integers m ≥ 2. Show that ∆nxn = n! for all
integers n ≥ 1.

Problem 4 (15 points) Prove that

∆ sin x = 2 sin(
1

2
) cos(x +

1

2
)

and

∆ cos x = −2 sin(
1

2
) sin(x +

1

2
) .

Use the above results to show that

n∑
k=1

sin k =
sin(n+1

2
) sin(n

2
)

sin(1
2
)

.

Problem 5 (15 points) Let ∆1f(x) = ∆f(x) = f(x + 1) − f(x) and
∆mf(x) = ∆(∆m−1f(x)) for integers m ≥ 2. Show that f(x + 3) = f(x) +
3∆f(x) + 3∆2f(x) + ∆3f(x).

Problem 6 (15 points) Show that if 2n + 1 is prime then n is a power of
2.

Problem 7 (15 points) Prove or disprove: dxe+ dye+ dx + ye ≤ d2xe+
d2ye.
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